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Abstract
We continue our study of finite BRST-antiBRST transformations for general gauge theories in Lagrangian
formalism, initiated in [arXiv:1405.0790[hep-th] and arXiv:1406.0179[hep-th]], with a doublet λa, a = 1, 2, of
anticommuting Grassmann parameters and prove the correctness of the explicit Jacobian in the partition function
announced in [arXiv:1406.0179[hep-th]], which corresponds to a change of variables with functionally-dependent
parameters λa = UaΛ induced by a finite Bosonic functional Λ(φ, pi, λ) and by the anticommuting generators Ua
of BRST-antiBRST transformations in the space of fields φ and auxiliary variables pia, λ. We obtain a Ward
identity depending on the field-dependent parameters λa and study the problem of gauge dependence, including
the case of Yang–Mills theories. We examine a formulation with BRST-antiBRST symmetry breaking terms,
additively introduced to the quantum action constructed by the Sp(2)-covariant Lagrangian rules, obtain the Ward
identity and investigate the gauge-independence of the corresponding generating functional of Green’s functions.
A formulation with BRST symmetry breaking terms is developed. It is argued that the gauge independence of the
above generating functionals is fulfilled in the BRST and BRST-antiBRST settings. These concepts are applied to
the average effective action in Yang–Mills theories within the functional renormalization group approach.
Keywords: general gauge theory, BRST-antiBRST Lagrangian quantization, field-dependent BRST-antiBRST trans-
formations, Yang–Mills theory, average effective action, BRST and BRST-antiBRST symmetry breaking
1 Introduction
In our recent works [1, 2, 3], we have proposed an extension of BRST-antiBRST transformations to the case of
finite (global and field-dependent) parameters for Yang–Mills and general gauge theories within the BRST-antiBRST
Lagrangian [4, 5, 6] and generalized Hamiltonian [7, 8] quantization schemes; see also [9]. The notion of “finiteness”
employs the inclusion into finite transformations of a new term, being quadratic in the parameters µa. First of all,
this makes it possible to realize the complete BRST-antiBRST invariance of the integrand in the vacuum functional.
Second, the functionally-dependent parameters λa = saΛ, induced by a Bosonic functional Λ, provide an explicit
correspondence (due to the compensation equation for the corresponding Jacobian) between a choice of Λ and a
transition from the partition function of a theory in a certain gauge, determined by a Bosonic gauge functional F0,
to the same theory in a different gauge, given by another gauge Boson F . This becomes a key instrument of a
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BRST-antiBRST approach that allows one to determine the Gribov horizon functional [10] – which is initially given
by the Landau gauge in the Gribov–Zwanziger theory [11] – by using any other gauge, including the Rξ-gauges,
eliminating residual gauge invariance in the deep IR region. In this respect, it should be noted that we do not
consider here, and have not considered earlier in [1, 2, 3], the case of BRST [12, 13] and antiBRST transformations
with one and the same anticommuting Grassmann parameter µ = δΛ, as suggested in the first paper [14] devoted
to finite BRST transformations (see Eqs. (2.3a), (2.3b) therein) in the infinitesimal and finite forms for the global
and field-dependent cases in Yang–Mills theories. In fact, such considerations are in conflict with the ghost number
distribution used in [1, 4, 5] for field variables and also contradict to the standard definition of BRST-antiBRST
symmetry transformations [15, 16, 17], which implies the presence in BRST transformed fields of a Grassmann-odd
parameter µ and an independent Grassmann-odd parameter for antiBRST transformed fields, µ¯, with the ghost number
opposite to that of µ.1 Second, our consideration is based on special global two-parametric supersymmetries, realized
on equal footing in [4, 5, 6, 7, 8]. At the same time, finite field-dependent BRST and antiBRST transformations in
Yang–Mills theories and reducible gauge theories with Abelian gauge groups have been recently examined in [18, 19]
using a different scheme at different stages of quantization, whereas the so-called finite “mixed BRST-antiBRST
transformations” – by the terminology of [1, 2, 3, 4, 5, 6, 7, 8] for BRST-antiBRST transformations; see (3.7) in
[19] – do not contain the polynomial term Θ1Θ2 6= 0, thus affecting the “finiteness” of such finite BRST-antiBRST
transformations. In fact, this eliminates the capability of such finite BRST-antiBRST transformations to provide
symmetry transformations such that would relate the partition function of a gauge theory in one gauge to the same
theory in another gauge within perturbation theory. Instead, by making a change of variables related to such field-
dependent transformations in the vacuum functional (even in Abelian gauge theories), one cannot preserve the quantum
action of a given theory and to obtain this theory in another gauge, thus making impossible the gauge independence
of the vacuum functional and of the physical S-matrix for a finite change of the gauge condition.2
For completeness, note that finite field-dependent BRST transformations for general gauge theories in the BV
quantization scheme [28] have been examined in [27], and earlier in [26]. A construction of finite field-dependent
BRST-antiBRST transformations in the Sp(2)-covariant generalized Hamiltonian formalism [7, 8] has been recently
developed [2] for arbitrary dynamical systems subject to first-class constraints, along with an explicit construction
of the parameters λa inducing a change of the gauge for Yang–Mills theories in the class of Rξ-like gauges. In the
case of BRST–BFV symmetry [22], a study of finite field-dependent BRST–BFV transformations in the generalized
Hamiltonian formalism [23, 24] has been presented in [25]. In all of these papers, the crucial point has been the so-
called compensation equation, first suggested for finite BRST transformations in the Yang–Mills theory [29] within the
Faddeev–Popov quantization rules [21], which establishes a one-to-one correspondence of field-dependent parameter(s)
of BRST(-antiBRST) transformations with a finite change of the gauge condition.
In the discussion of [3], namely, see Eqs. (6.2), (6.3) therein, we have announced an explicit Jacobian in the
partition function ZF which corresponds to a change of variables with field-dependent (and functionally-dependent)
parameters λa of finite BRST-antiBRST transformations, on the basis of which we solve the compensation equation
in order to find λa = λa(∆F ). This provides the gauge independence of the vacuum functional, ZF = ZF+∆F , and
allows one to obtain the Ward identities and study the problem of gauge dependence for the generating functional of
Green’s functions; see Eqs. (6.5)–(6.10) in [3]. This concept was used in [3] to relate (on the basis of field-dependent
BRST-antiBRST transformations) quantum BRST-antiBRST invariant actions of the Freedman–Townsend model (of
1According to the authors of [14], however, Eqs. (2.3a), (2.3b) apply to the general case, so that the same parameter δΛ has to be
understood differently in each of these formulae.
2Calculations of Jacobians corresponding to BRST-antiBRST transformations linear in finite field-dependent parameters for Yang–Mills
and more general gauge theories with an open gauge algebra, as well as transformations with polynomial, albeit functionally-independent,
parameters λa, is an essential feature of our future research [20].
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an antisymmetric non-Abelian tensor field with a reducible gauge symmetry) in two different gauges determined by a
gauge Boson quadratic in the fields.
On the other hand, some problems examined in [1] for Yang–Mills theories have remained unsolved. In addition,
the topical problem of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantization on the
basis of finite field-dependent BRST-antiBRST transformations, as well as the issue of BRST symmetry breaking in
the BV quantization, initiated in [26, 30, 31] on the basis of finite BRST–BV transformations [27], have not been
considered.
Based on by these reasons, we intend to address the following problems related to gauge theories in Lagrangian
formalism:
1. calculation of the Jacobian for a change of variables in the partition function related to finite field-dependent
BRST-antiBRST transformations being polynomial in powers of the Sp(2)-doublet of Grassmann-odd (and
functionally-dependent) parameters λa = saΛ, induced by a finite Grassmann-even functional Λ(φ, pi, λ) and by
the Grassmann-odd generators sa of BRST-antiBRST transformations;
2. derivation of the Ward identities and consideration of gauge dependence on the basis of the compensation
equation for an unknown functional Λ(φ, pi, λ) generating the Sp(2)-doublet λa, in order to establish a relation
of the partition function ZF (with the quantum action SF in a certain gauge determined by a gauge Boson F )
to another partition function ZF+∆F (with the quantum action SF+∆F in a different gauge F +∆F );
3. application of these considerations to obtain a new form of the Ward identities and investigation of gauge
dependence in gauge theories with a closed algebra of rank 1, including Yang–Mills theories;
4. introduction of the concept of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantiza-
tion, derivation of the Ward identities and the study of gauge dependence on the basis of finite field-dependent
BRST-antiBRST transformations;
5. consideration of a new form (as compared to [30, 31]) of BRST symmetry breaking in the BV quantization,
derivation of the Ward identities and the study of gauge dependence on the basis of finite field-dependent
BRST-BV transformations;
6. application of BRST-antiBRST symmetry breaking concept to the average effective action in Yang–Mills theories
within the functional renormalization group approach.
The work is organized as follows. In Section 2, we bring to mind the general setup of finite BRST-antiBRST
Lagrangian transformations and prove our conjecture [3] as to the form of the Jacobian that corresponds to a change
of variables with functionally-dependent parameters, λa = saΛ. In Section 3, we examine the compensation equation,
derive a new form of the Ward identities depending on the functionals λa, and investigate the problem of gauge
dependence, including the case of Yang–Mills theories. We also obtain the Ward identities using the field-dependent
BRST-antiBRST transformations and study the gauge dependence of the generating functionals of Green’s functions
for general gauge theories in Section 3.1 and for Yang–Mills theories in Section 3.2. In Section 4, we introduce the notion
of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quantization, derive the Ward identities
and study gauge dependence on the basis of finite field-dependent BRST-antiBRST transformations. In Appendix A,
we reconsider the concept of BRST symmetry breaking within the BV quantization scheme, first developed in [30, 31].
In Appendix B, we introduce, for the first time in the BRST-antiBRST Lagrangian quantization, an average effective
action and examine it in a way consistent with the gauge independence of the conventional S-matrix in YangMills
theories using different gauges. We employ the notation of our previous works [1, 3]. Unless otherwise specified by
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an arrow, derivatives with respect to the fields are taken from the right, and those with respect to the corresponding
antifields are taken from the left. The raising and lowering of Sp(2)-indices, sa = εabsb, sa = εabs
b, is carried out with
the help of a constant antisymmetric tensor εab, εacεcb = δ
a
b , subject to the normalization condition ε
12 = 1.
2 Finite Field-Dependent BRST-antiBRST Transformation and its Ja-
cobian
In the Discussion of our recent work [1], namely, in Eqs. (6.4), (6.5), we have announced the form of finite BRST-
antiBRST transformations ∆Γp for a general gauge theory in Lagrangian formalism and subsequently proved [3]
for constant finite anticommuting parameters λa that it actually leaves the integrand I
(F )
Γ in the partition function
ZF =
∫
dΓ I
(F )
Γ invariant to all orders in powers of λa. Namely, the finite BRST-antiBRST transformations
3
∆λΓ
p = Γp
(
←−s aλa +
1
4
←−s 2λ2
)
=⇒ I
(F )
Γ+∆λΓ
= I
(F )
Γ ,
where ←−s a =
←−
δ
δφA
piAa +
←−
δ
δφ∗Aa
S,A (−1)
εA − εab
←−
δ
δφ¯A
φ∗Ab (−1)
εA + εab
←−
δ
δpiAb
λA , ←−s 2 =←−s a←−s a , (2.1)
are realized on the coordinates Γp = (φA, φ∗Aa, φ¯A, pi
Aa, λA) of the space of fields φA, antifields (φ∗Aa, φ¯A) and auxiliary
variables (piAa, λA) used in the Sp(2)-covariant Lagrangian quantization [4, 5], with the following distribution of
Grassmann parity and ghost number:
ε (Γp) = (εA, εA + 1, εA, εA + 1, εA) ,
gh (Γp) =
(
gh(φA), (−1)a − gh(φA), −gh(φA), (−1)a+1 + gh(φA), gh(φA)
)
. (2.2)
In terms of the components, the transformations (2.1) are given by (S,A ≡ δS/δφ
A)
∆λφ
A = piAaλa +
1
2
λAλ2, ∆λφ¯A = ε
abλaφ
∗
Ab +
1
2
S,Aλ
2 ,
∆λpi
Aa = −εabλAλb , ∆λλ
A = 0 , (2.3)
∆λφ
∗
Aa = λaS,A +
1
4
(−1)
εA
(
εab
δ2S
δφAδφB
piBb + εab
δS
δφB
δ2S
δφAδφ∗Bb
(−1)
εB − φ∗Ba
δ2S
δφAδφ¯B
(−1)
εB
)
λ2 .
The operators ←−s a in (2.1) are the generators of (infinitesimal λa ≡ µa) BRST-antiBRST transformations [4] for the
integrand, I
(F )
Γ+δΓ = I
(F )
Γ ,
δΓp = Γp←−s aµa = δ
(
φA, φ∗Ab, φ¯A, pi
Ab, λA
)
=
(
piAa, δabS,A (−1)
εA , εabφ∗Ab (−1)
εA+1 , εabλA, 0
)
µa , (2.4)
which may be regarded as integrability conditions for the validity of I
(F )
Γ+∆λΓ
= I
(F )
Γ to all orders in the parameters
λa, with the restriction
←−
U a of the generators ←−s a to the subspace (φA, piAb, λA) being anticommuting and nilpotent:
←−
U a = ←−s a|φ,pi,λ =
←−
δ
δφA
piAa + εab
←−
δ
δpiAb
λA ,
←−
U a
←−
U b +
←−
U b
←−
U a = 0 ,
←−
U a
←−
U b
←−
U c = 0 . (2.5)
3As shown in [1], the validity of the algebra of BRST-antiBRST transformations for its generators ←−s a←−s b +←−s b←−s a = 0, realized in
an appropriate space of variables in Lagrangian [4] and generalized Hamiltonian formalism [8] allows one to restore the finite group form
Γ′ − Γ = Γ
(←−s aλa + (1/4)←−s 2λ2
)
, or, identically, Γ′ = Γ
(
1 +←−s aλa + (1/4)
←−s 2λ2
)
= Γexp
(←−s aλa
)
. Equivalently, the realization of the
generators in terms of odd anticommuting vector fields, ←−s a (Γ) =
←−
δ
δΓp
(Γp←−s a), due to the Frobenius theorem leads to the same form of
finite BRST-antiBRST transformations. Notice that the finite BRST-antiBRST transformations are, in fact, constructed from infinitesimal
gauge transformations (instead of finite gauge group transformations) of classical variables in the case of finite values of gauge parameters.
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This makes it possible to present the generating functional ZF (J) of Green’s functions in [3, 4], depending on external
sources JA, with ε(JA) = εA, gh(JA) = −gh(φ
A), as the path integral
ZF (J) =
∫
dΓ exp
{
(i/~)
[
SF (Γ) + JAφ
A
]}
, SF = S− (1/2)F
←−
U 2 ,
←−
U 2 ≡
←−
U a
←−
U a ,
where S =S + φ∗Aapi
Aa + φ¯Aλ
A , S = S
(
φ, φ∗, φ¯
)
, F = F (φ) . (2.6)
Here, ~ is the Planck constant; the configuration space φA, containing the classical fields Ai and the Sp(2)-symmetric
ghost-antighost and Nakanishi–Lautrup fields, depends on the irreducible [4] or reducible [5] character of a given
gauge theory, whereas the auxiliary fields (piAa, λA) are required in order to introduce the gauge by using a gauge-
fixing Bosonic functional F (φ) with a vanishing ghost number. In its turn, the Bosonic functional S(φ, φ∗, φ¯) with a
vanishing ghost number is a solution of the generating equations
1
2
(S, S)a + V aS = i~∆aS ⇐⇒
(
∆a +
i
~
V a
)
exp
(
i
~
S
)
= 0 , (2.7)
with a boundary condition for vanishing antifields φ∗Aa, φ¯A given by the classical action S0(A). In (2.7), the extended
antibracket (G,H)a for arbitrary functionals G, H and the operators ∆a, V a are given by
(G,H)a = G
( ←−
δ
δφA
−→
δ
δφ∗Aa
−
←−
δ
δφ∗Aa
−→
δ
δφA
)
H , ∆a = (−1)εA
−→
δ
δφA
−→
δ
δφ∗Aa
, V a = εabφ∗Ab
−→
δ
δφ¯A
. (2.8)
The invariance [3] of the integrand I
(F )
Γ = dΓ exp [(i/~)SF (Γ)] in (2.6) with vanishing sources JA = 0 under the global
finite BRST-antiBRST transformations (2.1) can be established by using the generating equations (2.7), while taking
into account the nilpotency
←−
U a
←−
U b
←−
U c = 0 of the operators
←−
U a in (2.6) and using the explicit change [3]
∆λG = G
(
←−s aλa +
1
4
←−s 2λ2
)
(2.9)
under the transformations (2.1) of an arbitrary functional G (Γ) expandable as a power series in Γp,
G (Γ + ∆λΓ) = G (Γ) +G,p (Γ)∆λΓ
p + (1/2)G,pq (Γ)∆λΓ
q∆λΓ
p = G (Γ) +∆λG (Γ) , with G,p ≡ G
←−
δ
δΓp
, (2.10)
with allowance for the explicit form [3] of the Jacobian Sdet
∥∥∥(Γp +∆λΓp) ←−δδΓq ∥∥∥ ≡ exp (ℑ)
exp (ℑ) = exp
[
− (∆aS)λa −
1
4
(∆aS)←−s aλ
2
]
(2.11)
corresponding to the transformation of the integration measure dΓ with respect to the change of variables Γ → Γˇ =
Γ +∆λΓ, namely,
dΓˇ = Sdet
∥∥∥∥∥(Γp +∆λΓp)
←−
δ
δΓq
∥∥∥∥∥ = dΓ exp [Str ln (I+M)] ≡ dΓ exp (ℑ) ,
where ℑ = Str ln (I+M) = −
∞∑
n=1
(−1)
n
n
Str Mn . (2.12)
In [3], we have announced that the Jacobian exp (ℑ) and the related integration measure dΓˇ corresponding to a finite
change of variables Γ→ Γˇ with the choice of field-dependent parameters λa = saΛ for Λ = Λ (φ, pi, λ), inspired by the
infinitesimal field-dependent BRST-antiBRST transformations of [1, 4], should take the form
exp (ℑ) = exp
[
− (∆aS)λa −
1
4
(∆aS)←−s aλ
2
]
exp
[
ln (1 + f)
−2
]
, with f = −
1
2
Λ←−s 2, (2.13)
dΓˇ = dΓ exp
[
i
~
(−i~ℑ)
]
= dΓ exp
{
i
~
[
i~ (∆aS)λa +
i~
4
(∆aS)←−s aλ
2 + i~ ln
(
1−
1
2
Λ←−s 2
)2]}
, (2.14)
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where Λ (φ, pi, λ) is a certain Bosonic potential with a vanishing ghost number. Therefore, in order to prove the above
statement (2.13), (2.14), let us examine the general case of a finite BRST-antiBRST transformation (2.1) parameterized
by λa (Γ) and consider the even matrix M in (2.12) with the elements M
p
q , ε
(
Mpq
)
= εp + εq,
Mpq = ∆Γ
p
←−
δ
δΓq
= Upq + V
p
q +W
p
q , with V
p
q = (V1)
p
q + (V2)
p
q , (2.15)
for Upq = X
paλa,q , (V1)
p
q = λaX
pa
,q (−1)
εp+1 , (V2)
p
q = λaY
pλa,q (−1)
εp+1 , W pq = −
1
2
λ2Y p,q , (2.16)
taking account of the notation [3]
Xpa ≡ Γp←−s a and Y p ≡ (1/2)Xpa,q X
qbεba = − (1/2)Γ
p←−s 2 . (2.17)
First of all, let us establish a useful relation between the matrices V1 and W in (2.15). To do so, we use the generating
equations (2.7) and represent the condition of invariance of the integrand I
(F )
Γ in (2.6) under the BRST-antiBRST
transformations δΓp = Γp←−s aµa = X
paµa given by (2.4) in the form
SF,pX
pa = i~Xpa,p , where X
pa
,p = −∆
aS . (2.18)
Let us now write identically:
Str (V1) + Str (W )−
1
2
Str
(
V 21
)
=
[
(V1)
p
p +W
p
p −
1
2
(V1)
p
q (V1)
q
p
]
(−1)εp
= Xpa,p λa −
1
2
(−1)
εp
(
Y p,p −
1
2
Xpa,q X
qb
,p εba
)
λ2 .
Considering
Y p,p −
1
2
Xpa,q X
qb
,p εba =
1
2
εba
(
Xpa,qpX
qb (−1)εp(εq+1) +Xpa,q X
qb
,p
)
−
1
2
εbaX
pa
,q X
qb
,p
=
1
2
εba
(
Xpa,qpX
qb (−1)εp(εq+1) +Xpa,q X
qb
,p −X
pa
,q X
qb
,p
)
=
1
2
εbaX
pa
,pqX
qb (−1)εp , (2.19)
we arrive at
Str (V1) + Str (W )−
1
2
Str
(
V 21
)
= Xpa,p λa +
1
4
εabX
pa
,pqX
qbλ2 , (2.20)
where (2.18) implies (G←−s a ≡ saG)
Xpa,p = −∆
aS , Xpa,pqX
qb = − (∆aS),pX
pb = −sb (∆aS) , with G,pX
pa = G,p (s
aΓp) = saG . (2.21)
Therefore,
Str (V1) + Str (W )−
1
2
Str
(
V 21
)
= − (∆aS)λa −
1
4
(sa∆
aS)λ2 . (2.22)
Taking account of the relation between the matrices V1 and W in (2.15), established for arbitrary λa(Γ), we now
proceed to the case of field-dependent parameters λa = Λ
←−s a in (2.1), determined by a Bosonic potential Λ (φ, pi, λ),
which implies λa = Λ
←−
U a, in view of (2.5). To do so, using the property Str (AB) = Str (BA) of arbitrary even matrices
A, B and the fact that the occurrence of W ∼ λ2 in Str (Mn) more than once yields zero, λ4 ≡ 0, we have
Str (Mn) = Str (U + V +W )
n
=
1∑
k=0
CknStr
[
(U + V )
n−k
W k
]
, Ckn =
n!
k! (n− k)!
. (2.23)
Furthermore,
Str (U + V +W )n = Str (U + V )n + nStr
[
(U + V )n−1W
]
= Str (U + V )n + nStr
(
Un−1W
)
, (2.24)
6
since any occurrence of W ∼ λ2 and V ∼ λa simultaneously entering Str (M)
n
yields zero, owing to λaλ
2 = 0, as a
consequence of which W can only be coupled with Un−1. Having established (2.24), let us examine Str
(
Un−1W
)
,
namely,
Str
(
Un−1W
)
=
{
Str (W ) , n = 1 ,
0 , n > 1 .
(2.25)
Indeed, due to the contraction property U2 = f · U =⇒ U l = f l−1 · U , where f is a Bosonic parameter (for details,
see (2.36) below), we have
Str
(
Un−1W
)
= fn−2Str (UW ) , n > 1 , (2.26)
Str (UW ) = Str (WU) = (WU)
p
p (−1)
εp =W pq U
q
p (−1)
εp = −
1
2
λ2
(
Y p,qX
qa
)
λa,p (−1)
εp = 0 , (2.27)
since, taking account of the restricted dependence of λa(φ, pi, λ) on Γ
p, the nilpotency (2.5) of the operators
←−
U a, being
the restriction of ←−s a to the subspace (φA, piAa, λA), and using the definitions (2.17), we have(
Y p,qX
qa
)
λa,p (−1)
εp = Y p←−s aλa,p (−1)
εp
= −
1
2
(
Γp←−s 2←−s a
)
λa,p (−1)
εp = −
1
2
(
Γp
←−
U 2
←−
U a
)
λa,p (−1)
εp = 0,
which implies
Str (Mn) = Str (U + V )
n
+ nStr
(
Un−1W
)
=
{
Str (U + V ) + Str (W ) , n = 1 ,
Str (U + V )
n
, n > 1 ,
(2.28)
so thatW drops out of Str (Mn), n > 1, and enters the Jacobian only as Str (W ). Next, as we examine the contribution
Str (U + V )
n
in (2.28), we notice that an occurrence of V ∼ λa more then twice yields zero, λaλbλc ≡ 0. Direct
calculations for n = 2, 3 lead to
Str (U + V )
n
=
n∑
k=0
CknStr
(
Un−kV k
)
= Str
(
Un + nUn−1V + C2nP
n−2V 2
)
. (2.29)
Using considerations identical with those presented in Appendix B.2 of [1], we can prove by induction, taking account
of the fact V ∼ λa and the contraction property U
2 = f · U , established in (2.36), that for any n ≥ 4 we have
Str (U + V )
n
= Str
(
Un + nUn−1V + nUn−2V 2 +KnU
n−3V UV
)
, (2.30)
where the coefficients Kn are given by
Kn = C
2
n − n , C
2
n = n (n− 1) /2 =⇒ Kn = n (n− 3) /2 , (2.31)
which implies
C2n
n
−
Kn
n
= 1 ,
C2n
n
−
Kn+1
n+ 1
=
1
2
. (2.32)
According to the previous considerations,
Str (Mn) =
1∑
k=0
CknStr
(
Un−kV k
)
+Dn , n ≥ 1 , (2.33)
for Dn =

Str (W ) , n = 1 ,
C2nStr
(
Un−2V 2
)
, n = 2, 3 ,(
C2n −Kn
)
Str
(
Un−2V 2
)
+KnStr
(
Un−3V UV
)
, n > 3 ,
(2.34)
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we have
Str (Mn) =

Str (U) + Str (V ) + Str (W ) , n = 1 ,
Str (Un) + C1nStr
(
Un−1V
)
+ C2nStr
(
Un−2V 2
)
, n = 2, 3 ,
Str (Un) + C1nStr
(
Un−1V
)
+
(
C2n −Kn
)
Str
(
Un−2V 2
)
+KnStr
(
Un−3V UV
)
, n > 3 .
(2.35)
First of all, the calculation of the Jacobian is based on the previously established relation (2.22) between the matrices
V1, W , and therefore we will take account of the related combination
Str (V1) + Str (W )−
1
2
Str
(
V 21
)
.
Besides, recalling that λa = Λ
←−
U a, we can deduce the additional property
U2 = f · U , f = −
1
2
Str (U) , (2.36)
where the quantity f is given by
λb,pX
pa = λb
←−
U a = δab f =⇒ f =
1
2
λa
←−
U a = −
1
2
Λ
←−
U 2 . (2.37)
Indeed, (
U2
)p
q
= (U)
p
r (U)
r
q = X
pa
(
λa,rX
rb
)
λb,q = f · δ
b
aX
paλb,q = f · (U)
p
q ,
λa,qX
qb = λa
←−s b = λa
←−
U b = Λ
←−
U a
←−
U b = δbaf , f = −F,Aλ
A − (1/2) εabpi
AaF,ABpi
Bb ,
f =
1
2
λa,pX
pa = −
1
2
Upp (−1)
εp = −
1
2
Str (U) . (2.38)
As a consequence,
Str (UV ) = Str (V U) = (1 + f) Str (V2) , (2.39)
Str
(
UV 2
)
= Str (V UV ) = (1 + f) Str [(V1 + V2)V2] , (2.40)
Str (UV UV ) = Str (V UV U) = (1 + f)
2
Str
(
V 22
)
. (2.41)
Indeed, due to the relations (2.17), (2.37) and their consequences (G
←−
U a ≡ UaG)
UaU bΓp = −εabY p , Uaλb = −εabf , (2.42)
with account taken of the notation
Γp =
(
φA, piAa, λA
)
, (2.43)
we have
Str V U = (V U)pp (−1)
εp = V pr U
r
p (−1)
εp = −λa
(
Xpa,r + Y
pλa,r
)
Xrbλb,p
= −λa
[(
sbsaΓp
)
+ Y p
(
sbλa
)]
λb,p = −λa
[(
U bUaΓp
)
+ Y p
(
U bλa
)]
λb,p
= −λa
(
εabY p + εabY pf
)
λb,p = − (1 + f)λaY
pfλa,p = (1 + f) Str V2 , (2.44)
which proves (2.39). In a similar way, using (2.42), (2.43) and the property of nilpotency λaλbλc = 0, it is straight-
forward to verify the remaining properties (2.40), (2.41) of the matrices U , V . As a consequence of (2.36) and
(2.39)–(2.41), we have
Str (Un) = fn−1Str (U) = −2fn , n ≥ 1 ,
Str
(
Un−1V
)
=
{
Str (V ) = Str (V1) + Str (V2) ,
fn−2Str (UV ) = fn−2 (1 + f) Str V2 ,
n = 1 ,
n > 1 ,
Str
(
Un−2V 2
)
=
{
Str
(
V 2
)
= Str
(
V 21
)
+ 2Str (V1V2) + Str
(
V 22
)
,
fn−3Str
(
UV 2
)
= fn−3 (1 + f) Str [(V1 + V2)V2] ,
n = 2 ,
n > 2 ,
Str
(
Un−3V UV
)
= fn−4Str (UV UV ) = fn−4 (1 + f)
2
Str V 22 , n > 3 .
(2.45)
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We further notice that Str (V1V2) 6≡ 0. Indeed, in view of the definitions (2.17) and the nilpotency property U
aU bU c =
0, we have
(V1V2)
p
p (−1)
εp = λaX
pa
,q Y
q(λ2),p =
1
2
λa
(
Xpa,q X
qb
,r
)
Xrdεdb(λ
2),p
=
1
2
λa
[
(X
pa
,q X
qb),r − (X
pa
,q ),rX
qb (−1)
εr(εq+1)
]
Xrdεdb(λ
2),p
=
1
2
λa
[
(UdU bUaΓp)−Xpa,qrX
qbXrd (−1)
εr(εq+1)
]
εdb(λ
2),p
= −
1
2
εbdX
qbXpa,rqX
rdλa(λ
2),p . (2.46)
Besides,
Str
(
V 22
)
= Str2 (V2) 6≡ 0 . (2.47)
Indeed,
(V2)
p
p (−1)
εp = λaY
pλa,p , (2.48)
(Q2)
p
q (Q2)
q
p (−1)
εp =
(
λaY
pλa,p
) (
λbY
qλb,q
)
. (2.49)
Therefore, ℑ in the expression (2.12) for the Jacobian exp (ℑ) has the general structure
ℑ = A (f, V1,W ) +B (f |V2) + C (f |V1V2) , (2.50)
for B (f |V2) = b1 (f) Str (V2) + b2 (f) Str
(
V 22
)
= [b1 (f) + b2 (f) Str (V2)] Str (V2) ,
and C (f |V1V2) = c (f) Str (V1V2) .
Let us examine A (f, V1,W ). Namely, in view of (2.22) and Str (U
n) = −2fn, we have
A (f, V1,W ) = Str (V1) + Str (W )−
1
2
Str
(
V 21
)
+ 2
∞∑
n=1
(−1)
n
n
fn (2.51)
= − (∆aS)λa −
1
4
(∆aS)←−s aλ
2 − 2 ln (1 + f) .
Let us examine the explicit structure of the series related to b1 (f): the quantity Str (V2) derives from Str
(
Un−1V
)
for n ≥ 1 in (2.45), and is coupled with the combinatorial coefficient C1n. The part of ℑ containing Str (V2) is given by
b1 (f) Str (V2) = C
1
1Str (V2)−
∞∑
n=2
(−1)
n
n
C1nf
n−2 (1 + f) Str (V2) , (2.52)
whence
b1 (f) = 1− (1 + f)
∞∑
n=0
(−1)
n
fn . (2.53)
Let us examine the explicit structure of the series related to b2 (f): the quantity Str
2 (V2) derives from Str
(
Un−2V 2
)
for n ≥ 2 in (2.45), coupled with the combinatorial coefficients C2n for n = 2, 3 and
(
C2n −Kn
)
for n > 3, and also
derives from Str
(
Un−3V UV
)
for n > 3 in (2.45), coupled with the combinatorial coefficients Kn. The part of ℑ
containing Str2 (V2) reads
b2 (f) Str
2 (V2) =−
(−1)2
2
C22Str
2 (V2)−
(−1)3
3
C23 (1 + f) Str
2 (V2)
−
∞∑
n=4
(−1)
n
n
(
C2n −Kn
)
fn−3 (1 + f) Str2 (V2)−
∞∑
n=4
(−1)
n
n
Knf
n−4 (1 + f)
2
Str2 (V2) , (2.54)
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whence
b2 (f) = −
1
2
+ (1 + f)−
∞∑
n=4
(−1)
n
n
[(
C2n −Kn
)
fn−3 (1 + f) +Knf
n−4 (1 + f)2
]
. (2.55)
Let us examine the explicit structure of the series related to c (f): the quantity Str (V1V2) derives from Str
(
Un−2V 2
)
for n ≥ 2 in (2.45), and is coupled with the combinatorial coefficients C2n, for n = 2, 3, and C
2
n −Kn, for n > 3. The
part of ℑ containing Str (V1V2) is given by
c (f) Str (V1V2) =−
(−1)
2
2
C22Str (2V1V2)−
(−1)
3
3
C23 (1 + f) Str (V1V2)
−
∞∑
n=4
(−1)
n
n
(
C2n −Kn
)
fn−3 (1 + f) Str (V1V2) , (2.56)
whence
c (f) = −1 + (1 + f)−
∞∑
n=4
(−1)
n
n
(
C2n −Kn
)
fn−3 (1 + f) = f − (1 + f)
∞∑
n=4
(−1)
n
(
C2n
n
−
Kn
n
)
fn−3 . (2.57)
By virtue of (2.32), one can show [1] that the series b1 (f), b2 (f), c (f), given by (2.53), (2.55), (2.56), vanish identically:
b1 (f) = b2 (f) = c (f) ≡ 0 . (2.58)
From the vanishing of all the coefficients b1 (f), b2 (f), c (f), we conclude that
B (f |V2) = b1 (f) Str (V2) + b2 (f) Str
(
V 22
)
≡ 0 and C (f |V1V2) = c (f) Str (V1V2) ≡ 0 , (2.59)
and therefore the Jacobian exp (ℑ) is finally given by
ℑ = A (f, V1,W ) +B (f |V2) + C (f |V1V2) = A (f, V1,W ) = − (∆
aS)λa −
1
4
(∆aS)←−s aλ
2 − 2 ln (1 + f) ,
for f = − (1/2)Λ
←−
U 2 = − (1/2)Λ←−s 2 , Λ = Λ (φ, pi, λ) .
which is identical with (2.13) and therefore proves (2.14).
3 Ward Identities and Gauge Dependence Problem
In this section, we touch upon the consequences (Subsection 3.1) implied by a solution of the compensation equation
[3] for an unknown functional Λ(φ, pi, λ) which determines a field-dependent BRST-antiBRST transformation that
amounts to a precise change of the gauge-fixing functional for an arbitrary gauge theory. The modified Ward identities
and gauge dependence for Yang–Mills theories and, more generally, for gauge theories with a closed algebra of rank 1
are examined in Subsection 3.2.
3.1 General Gauge Theory
Let us bring to mind the results of [3], based on the representation (2.14) for the Jacobian established in Section 2 for
the change of variables (2.1), given by a field-dependent BRST-antiBRST transformation, Γ → Γˇ = Γ + ∆λΓ. First
of all, making in ZF a change of variables Γ → Γˇ, with λa = saΛ and Λ = Λ(φ, pi, λ), while taking account of the
Jacobian (2.14), the change of the action SF according to (2.9), and also using the invariance condition (2.18), related
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to the generating equations (2.7), and its consequence resulting from applying the operator ←−s a, with allowance made
for the BRST-antiBRST invariance of the term F
←−
U 2, we arrive at
ZF
Γ→Γˇ
=
∫
dΓ exp
{
i
~
[
SF + (SF
←−s a + i~∆aS)λa +
1
4
(
SF
←−s 2 + i~∆aS←−s a
)
λ2 + i~ ln
(
1−
1
2
Λ←−s 2
)2]}
=
∫
dΓ exp
{
i
~
[
SF+∆F + i~ ln
(
1−
1
2
Λ←−s 2
)2
+
1
2
∆F
←−
U 2
]}
. (3.1)
The coincidence of the vacuum functionals ZF and ZF+∆F , evaluated for the respective Bosonic functionals F and
F +∆F , takes place in case there holds a compensation equation4 for an unknown Bosonic functional Λ = Λ(φ, pi, λ):
i~ ln
(
1−
1
2
Λ
←−
U 2
)2
= −
1
2
∆F
←−
U 2 , (3.2)
where account has been taken of the relation ←−s a =
←−
U a, which takes place for the operators ←−s a restricted to the
variables (φ, pia, λ), or, equivalently,
1
2
Λ
←−
U 2 = 1− exp
(
i
4~
∆F
←−
U 2
)
. (3.3)
The solution of this equation for an unknown functional Λ (φ, pi, λ), which determines λa (φ, pi, λ) according to λa =
Λ
←−
U a, with accuracy up to BRST-antiBRST exact terms (s
a being restricted to φ, pia, λ), is given by
Λ(Γ|∆F ) =
i
2~
g(y)∆F , for g(y) = [1− exp(y)] /y and y ≡
i
4~
∆F
←−
U 2 , (3.4)
and therefore the corresponding field-dependent parameters have the form
λa (Γ|∆F ) =
i
2~
g(y)
(
∆F
←−
U a
)
, (3.5)
whose approximation linear in ∆F is given by
λa (Γ|∆F ) =
i
2~
(
∆F
←−
U a
)
+ o(∆F ) . (3.6)
Consequently, for any change ∆F of the gauge condition F → F + ∆F , we can construct a unique field-dependent
BRST-antiBRST transformation with functionally-dependent parameters (3.5) that allows one to preserve the form of
the partition function (3.1) for the same gauge theory. On the other hand, if we consider the compensation equation
(3.2) for an unknown gauge variation ∆F with a given Λ (φ, pi, λ), we can present it in the form
4i~ ln
(
1−
1
2
Λ
←−
U 2
)
= −∆F
←−
U 2 ⇐⇒ 4i~
[∑
n=1
(−1)n
2nn
(
Λ
←−
U 2
)
n−1Λ
]
←−
U 2 = ∆F
←−
U 2 , (3.7)
whose solution, with accuracy up to
←−
U a-exact terms, is given by
∆F (Γ|Λ) = 4i~
[∑
n=1
(−1)n
2nn
(
Λ
←−
U 2
)
n−1Λ
]
= 4i~
[∑
n=1
(−1)n
2nn
(
λa
←−
U a
)
n−1Λ
]
. (3.8)
Consequently, for any change of variables in the partition function ZF given by finite field-dependent BRST-antiBRST
transformations with the parameters λa = Λ
←−
U a, we obtain the same partition function ZF+∆F , however, evaluated
in a gauge determined by the Bosonic functional F +∆F , in accordance with (3.8).
4In [3], we make a transformation parameterized by Λ to perform a transition from ZF+∆F to ZF , which accounts for the opposite sign
at ∆F in (3.2) and related formulae.
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Making in (2.6) a field-dependent BRST-antiBRST transformation (2.1) and using the relations (2.14) and (3.4),
we obtain a modified Ward (Slavnov–Taylor) identity:〈{
1 +
i
~
JAφ
A
[
←−
U aλa(Λ) +
1
4
←−
U 2λ2(Λ)
]
−
1
4
(
i
~
)
2JAφ
A←−U aJB(φ
B)
←−
U aλ
2(Λ)
}(
1−
1
2
Λ
←−
U 2
)
−2
〉
F,J
= 1 . (3.9)
Here, the symbol “〈O〉F,J” for a quantity O = O(Γ) stands for a source-dependent average expectation value corre-
sponding to a gauge-fixing F (φ):
〈O〉F,J = Z
−1
F (J)
∫
dΓ O (Γ) exp
{
i
~
[
SF (Γ) + JAφ
A
]}
, with 〈1〉F,J = 1 . (3.10)
Owing to the presence of Λ(Γ), which implies λa(Λ), the modified Ward identity depends on a choice of the gauge
Boson F (φ) for non-vanishing JA, according to (3.4), (3.5), and therefore the corresponding Ward identities for
Green’s functions, obtained by differentiating (3.9) with respect to the sources, contain the functionals λa(Λ) and
their derivatives as weight functionals. By virtue of (3.9) for constant λa, the usual Ward identities follow from the
first order in λa, and a new Ward identity [3] from the second order in λa:
JA
〈
φA
←−
U a
〉
F,J
= 0,
〈
JAφ
A
[←−
U 2 −←−s a (i/~)JB
(
φB
←−
U a
)]〉
F,J
= 0 . (3.11)
In conclusion, taking account of (3.5), we find that (3.9) implies a relation which describes the gauge dependence of
ZF (J) for a finite change of the gauge, F → F +∆F :
ZF+∆F (J) = ZF (J)
{
1 +
〈
i
~
JAφ
A
[
←−
U aλa (Γ| −∆F ) +
1
4
←−
U 2λ2 (Γ| −∆F )
]
− (−1)εB
(
i
2~
)2
JBJA
(
φA
←−
U a
)(
φB
←−
U a
)
λ2 (Γ| −∆F )
〉
F,J
 . (3.12)
3.2 Yang–Mills Theory
Let us apply the modified Ward identities (3.9) and the representation (3.12) for gauge dependence to the generating
functional ZF (J) of irreducible gauge theories of rank 1 with a closed gauge algebra of the generators of gauge
transformations, Riα(A), ε(R
i
α) = εi + εα, including the case of Yang–Mills theories. The corresponding configuration
space φA =
(
Ai, Bα, Cαa
)
contains the classical fields, the Nakanishi–Lautrup fields, and the ghost-antighost fields [4].
First of all, in accordance with [1], the generating functional of Green’s functions ZF (J) and the corresponding quantum
action SF (φ) are readily obtained from (2.6), with S being a solution of (2.7), by integrating over (φ
∗
a, φ¯, pi
a, λ):
ZF (J) =
∫
dφ exp
{
i
~
[
SF (φ) + JAφ
A
]}
, (3.13)
SF (φ) = S0 (A)− (1/2)F
←−s 2 = S0 (A) + F,AY
A − (1/2) εabX
AaF,ABX
Bb , (3.14)
where
XAa =
(
X ia1 , X
αa
2 , X
αab
3
)
, Y A =
(
Y i1 , Y
α
2 , Y
αa
3
)
, (3.15)
X ia1 = R
i
αC
αa , Xαa2 = −
1
2
FαγβB
βCγa −
1
12
(−1)εβ
(
2Fαγβ,jR
j
ρ + F
α
γσF
σ
βρ
)
CρbCβaCγcεcb ,
Xαab3 = −ε
abBα −
1
2
(−1)εβ FαβγC
γbCβa , Y i1 = R
i
αB
α +
1
2
(−1)εα Riα,jR
j
βC
βbCαaεab ,
Y α2 = 0 , Y
αa
3 = −2X
αa
3 , (3.16)
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and there hold the subsidiary conditions XAa,A = 0. The nilpotent,
←−s a←−s b←−s c ≡ 0, generators of BRST-antiBRST
transformations ←−s a determine the finite BRST-antiBRST transformations:
∆λφ
A = XAaλa −
1
2
Y Aλ2 = φA
(
←−s aλa +
1
4
←−s 2λ2
)
, (3.17)
so that the corresponding Jacobian Sdet
∥∥∥(φA +∆λφA) ←−δδφB ∥∥∥ of a change of variables φ → φ (1 +←−s aλa + 14←−s 2λ2)
takes the form (XAa,A = 0)
Sdet
∥∥∥∥∥(φA +∆λφA)
←−
δ
δφB
∥∥∥∥∥ = exp
[
XAa,A λa +
1
4
εabX
Aa
,ABX
Bbλ2 + ln
(
1−
1
2
Λ←−s 2
)−2]
= exp
[
ln
(
1−
1
2
Λ←−s 2
)−2]
, for λa = Λ
←−s a , (3.18)
Sdet
∥∥∥∥∥(φA +∆λφA)
←−
δ
δφB
∥∥∥∥∥ = exp
(
XAa,A λa +
1
4
εabX
Aa
,ABX
Bbλ2
)
= 1 , for λa = const . (3.19)
The conditions XAa,A = 0 imply the relations R
i
α,i(A) = F
α
αβ(A) = 0 for the gauge generators and structure functions
in Riα,j(A)R
j
β(A) − (−1)
εαεβ Riβ,j(A)R
j
α(A) = −R
i
γ(A)F
γ
αβ (A). The first Jacobian (3.18), corresponding to field-
dependent (and functionally-dependent) parameters λa(φ) = (Λ
←−s a)(φ), is identical with that of [1].
As we apply the procedure used to obtain (3.9) to gauge theories with a closed algebra of rank 1, we arrive at a
modified Ward identity:〈{
1 +
i
~
JA
[
XAaλa(Λ)−
1
2
Y Aλ2(Λ)
]
−
1
4
(
i
~
)
2εabJAX
AaJBX
Bbλ2(Λ)
}(
1−
1
2
Λ←−s 2
)
−2
〉
F,J
= 1 , (3.20)
where the symbol “〈O〉F,J” for a quantity O = O(φ) is determined as in (3.10), however, for ZF (J) in (3.13). The
identity (3.20) has the same interpretation as (3.9): for constant λa we obtain from (3.20) an Sp(2)-doublet of the
usual Ward identities at the first order in λa, and a derivative identity at the second order in λa:
JA
〈
XAa
〉
F,J
= 0,
〈
JA
[
2Y A + (i/~) εabX
AaJBX
Bb
]〉
F,J
= 0 . (3.21)
By virtue of the representation (3.5) for λa(φ|∆F ), applied to gauge theories in question, the Ward identity (3.20)
implies a relation which describes the gauge dependence of ZF (J) for a finite change of the gauge F → F +∆F :
ZF+∆F (J)− ZF (J) = ZF (J)
〈
i
~
JA
[
XAaλa (φ| −∆F )−
1
2
Y Aλ2 (φ| −∆F )
]
− (−1)εB
(
i
2~
)2
JBJA
(
XAaXBb
)
εabλ
2 (φ| −∆F )
〉
F,J
. (3.22)
For Yang–Mills theories, in which XAa,A ≡ 0, we obtain a new representation for the modified Ward identity (3.20),
with the following identification of XAa and Y A in (3.16), according to [1, 42]:
Xµma1 = D
µmnCna , Y µm1 = D
µmnBn +
1
2
fmnlClaDµnkCkbεba ,
Xma2 = −
1
2
fmnlBlCna −
1
12
fmnlf lrsCsbCraCncεcb , Y
m
2 = 0 , (3.23)
Xmab3 = −ε
abBm −
1
2
fmnlClbCna , Y ma3 = f
mnlBlCna +
1
6
fmnlf lrsCsbCraCncεcb ,
where φA = (Amµ, Bm, Cma); the generators Rmnµ (x; y) of gauge transformations, the covariant derivatives D
mn
µ and
the structure functions F γαβ are given by [1, 42]
Rmnµ (x; y) = D
mn
µ (x)δ(x − y) , D
mn
µ = δ
mn∂µ + f
mlnAlµ , F
γ
αβ = f
lmnδ(x − z)δ(y − z) . (3.24)
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4 BRST-antiBRST Symmetry Breaking in Gauge Theories
In this section, we introduce the concept of BRST-antiBRST symmetry breaking in gauge theories, inspired by our
research [30] within the BV quantization scheme and partially repeating the study of [26] in which the problem of
inconsistency of BRST symmetry breaking introduction claimed in [30] was resolved. To this end, let us consider a
Bosonic functional M = M(φ, φ∗, φ¯) having a vanishing ghost number and not necessarily being BRST-antiBRST
invariant. This functional may be added to the action SF in (3.14), or introduced in a multiplicative way into the
partition function, m = exp (M), in order to improve the properties of the path integral, as has been done within
the functional renormalization group approach [26, 33, 34, 35, 36], by means of the average affective action for the
purpose of extraction of residual Gribov copies [10, 11]; see also [38, 39, 40]. Let us impose the condition that the
corresponding path integral be well-defined and determine the generating functional of Green’s functions ZM,F (J)
with broken BRST-antiBRST symmetry as follows:
ZM,F (J) =
∫
dΓ exp
{
(i/~)
[
SF (Γ) +M(φ, φ
∗, φ¯) + JAφ
A
]}
, with Z0,F (J) ≡ ZF (J). (4.1)
Here, we have not imposed5 on M any equation (12 (M,M)
a− V aM = 0 or 12 (M,M)
a − V aM = −i~∆aM) analogous
to the so-called soft BRST symmetry equation [30, 31] for gauge theories in the BV formalism. Another requirement
for M is the following inequality, in terms of the operators←−s a in (2.1), with account taken of the representation (2.9)
for a finite BRST-antiBRST variation of an arbitrary functional:
M←−s a 6= 0 =⇒ ∆λM =M
(
←−s aλa +
1
4
←−s 2λ2
)
6= 0 . (4.2)
We shall refer to a gauge theory as having a broken BRST-antiBRST symmetry in the Sp(2)-covariant Lagrangian
quantization [4, 5] if the total action of the theory, Stot = SF +M , determines the partition function ZM,F (0) in (4.1)
and the broken BRST-antiBRST symmetry condition (4.2) for M is fulfilled.
It is well known that the introduction of a BRST-antiBRST non-invariant term to the quantum action may
lead to the appearance of two fundamental problems for physical quantities (such as the S-matrix) in a theory with
broken BRST-antiBRST symmetry, namely, gauge dependence and unitarity failure. For this reason, let us study the
suggested construction of a gauge theory with broken BRST-antiBRST symmetry as concerns the dependence of the
functional ZM,F (J) on a choice of the gauge condition.
Let us first obtain the Ward identities for a gauge theory with broken BRST-antiBRST symmetry. To this end, we
make in (4.1) a field-dependent BRST-antiBRST transformation (2.1) and use the relations (3.4) and (2.14) to obtain
a modified Ward (Slavnov–Taylor for ZM,F (J)) identity:〈{
1 +
i
~
[
JAφ
A +MF
] [←−
U aλa(Λ) +
1
4
←−
U 2λ2(Λ)
]
−
1
4
(
i
~
)
2
[
JAφ
A +MF
]←−
U a
[
JBφ
B +MF
]←−
U aλ
2(Λ)
}
×
(
1−
1
2
Λ
←−
U 2
)
−2
〉
M,F,J
= 1 , (4.3)
where account has been taken of the fact that if in some reference frame with a gauge Boson F (φ) the broken BRST-
antiBRST symmetry term has the form MF = M then in a different reference frame determined by a gauge Boson
(F +∆F )(φ) it should be calculated as
MF+∆F =MF +∆λ(∆F )MF . (4.4)
5On a basis of this equation, one can develop a concept of soft BRST-antiBRST symmetry breaking in gauge theories, which may lead
to additional Ward identities in terms of the functional M ; however, we leave this problem outside the scope of the present work.
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Here, the symbol “〈O〉M,F,J” for a quantity O = O(Γ) stands for a source-dependent average expectation value
corresponding to a gauge-fixing F (φ) with respect to ZM,F (J):
〈O〉M,F,J = Z
−1
M,F (J)
∫
dΓ O (Γ) exp
{
i
~
[
SF (Γ) +MF + JAφ
A
]}
, with 〈1〉M,F,J = 1 . (4.5)
Owing to the presence of λa(Λ), and therefore also of Λ(Γ), the modified Ward identity depends on a choice of the
gauge Boson F (φ) for non-vanishing JA. For constant λa, the identity (4.3) decomposes in powers of λa and assumes
the form of two independent and one dependent (at λ2) identities:〈[
JAφ
A +MF
]←−
U a
〉
M,F,J
= 0 , (4.6)〈[
JAφ
A +MF
]←−
U 2 −
(
i
~
)[
JAφ
A +MF
]←−
U a
[
JBφ
B +MF
]←−
U a
〉
M,F,J
= 0 . (4.7)
The identities (4.3), (4.6), (4.7) are different from the Ward identities for a gauge theory without BRST-antiBRST
symmetry breaking terms.
With account taken of (3.5) and (4.4), the equality (4.3) implies a relation which describes the gauge dependence
of ZM,F (J) for a finite change of the gauge F → F +∆F :
ZMF+∆F ,F+∆F (J)− ZM,F (J) = ZM,F (J)
〈
i
~
JAφ
A
[
←−
U aλa (Γ| −∆F ) +
1
4
←−
U 2λ2 (Γ| −∆F )
]
− (−1)εB
(
i
2~
)2
JBJA
(
φA
←−
U a
)(
φB
←−
U a
)
λ2 (Γ| −∆F )
〉
M,F,J
. (4.8)
From (3.12) it follows that upon the shell determined by JA = 0 a finite change of the generating functional of Green’s
functions with a term of broken BRST-antiBRST symmetry does not depend on the choice of the gauge condition
with respect to a finite change of the gauge, F → F +∆F . The same statement takes place for the physical S-matrix,
due to the equivalence theorem [41].
Notice that the gauge independence of the functional ZM,F (J) can be achieved by considering the broken BRST-
antiBRST symmetry term M as a composite field, M → L ·M , with an additional external bosonic source L to
M , however, achieved in a way which takes into account the fact that M is not the same in different gauges, F
and F + ∆F , which means that MF+∆F = MF + ∆MF (∆F ). The constancy of M , MF+∆F = MF , at least for
infinitesimal ∆F has been used in [32] in a BRST-antiBRST formalism for M ≡ Lmσ
m(φ) (with sources Lm and
composite fields σm), which leads to the gauge independence of the corresponding generating functional of Green’s
functions with composite fields, Z(J, φ∗, φ¯, L) in [32], such that ZM,F (J) = Zσ,F (J, L) = Z(J, φ
∗, φ¯, L)|φ∗=φ¯=0 only
on the mass shell determined in a larger space of sources (see (39), (40) therein) JA = Lm = 0, with the subsidiary
conditions Lm = 0, as compared to (4.8). At the same time, if one takes into account the non-constant character of
the broken BRST-antiBRST symmetry termM in different gauges then, as has been demonstrated [38] in Lagrangian
BRST quantization, the gauge independence of the generating functional of Green’s functions with composite fields
(where the Gribov–Zwanziger horizon functional H is considered as a composite field, H = σ, see Eqs. (18), (23) in
[38]) is realized on the mass shell J = 0 determined only by the usual sources J for arbitrary L.
5 Conclusion
In the present work, we have proved the correctness (announced in [3]) of the Jacobian (2.14) for a change of variables
in the partition function related to finite field-dependent BRST-antiBRST transformations6 (2.1) being polynomial
6As follows from (B.4), (B.5), finite BRST-antiBRST transformations with constant parameters form a two-parametric Lie supergroup.
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in powers of an Sp(2)-doublet of Grassmann-odd functionally-dependent parameters λa = Λ
←−
U a, generated by a
finite even-valued functional Λ(φ, pi, λ) and nilpotent Grassmann-odd operators
←−
U a in (2.5), being the restriction of
the generators sa of BRST-antiBRST transformations to the subspace (φ
A, piAb, λA). Based on the representation
(2.14), we justify the compensation equation for the parameters λa and find its solution (3.4), (3.5), which implies
that for any finite change of the gauge condition F → F + ∆F there exists a unique Sp(2)-doublet λa(∆F ) that
ensures the gauge independence of the vacuum functionals, ZF = ZF+∆F . Conversely, any change of variables in the
vacuum functional ZF given by a finite field-dependent BRST-antiBRST transformation with functionally-dependent
parameters λa = Λ
←−
U a is related to a finite change of the gauge condition, F → F + ∆F , with ∆F (Γ|Λ) given by
the solution (3.8) of the inverse problem for the compensation equation (3.7), so that the vacuum functional ZF
is gauge-independent. This follows from the fact that the Jacobian of such a change of variables and the change
of the gauge are BRST-antiBRST-exact quantities. In the case of functionally-independent odd-valued parameters
λa, finite BRST-antiBRST transformations generate in the corresponding Jacobian some BRST-antiBRST-non-exact
terms, which may not correspond to a change of gauge-fixing in the quantum action. This problem is studied in our
forthcoming work [20]. Note that finite field-dependent BRST transformations do not imply such a possibility. On the
basis of the established representation for the Jacobian (2.14), we justify the modified Ward identity depending on the
functionals λa(∆F ) in (3.9) and examine the problem of gauge-dependence for the generating functional of Green’s
functions ZF (J) in (3.12). As usual, albeit in the case of a finite change of the gauge Boson ∆F (Γ|Λ), the functional
ZF (J) does not depend on a choice of the gauge on its the extremals given by JA = 0, which is a basis for the study
of gauge-dependence for the effective action.
We have examined in more detail the properties of gauge theories with a closed algebra of rank 1, including the
Yang–Mills type of theories, on a basis of the above results for a general gauge theory, and obtained a modified Ward
identity depending on the functional λa(∆F ) being restricted to the field variables
(
Ai, Bα, Cαa
)
and (Amµ, Bm, Cma)
in (3.20). In addition, we have described (3.22) gauge-dependence in these theories.
We have introduced the concept of BRST-antiBRST symmetry breaking in the Sp(2)-covariant Lagrangian quan-
tization and obtained the modified Ward identity (4.3) for the generating functional ZM,F (J) of Green’s functions
with broken BRST-antiBRST symmetry. We have also studied gauge dependence on the basis of finite field-dependent
BRST-antiBRST transformations. We have demonstrated that a non-renormalized functional ZM,F (J) does not de-
pend on a choice of the gauge on the extremals given by JA = 0 in (4.8), thus providing (leaving aside the unitarity
problem) a consistent approach to introducing into a gauge theory of terms with broken BRST-antiBRST symmetry,
which has been applied in [1] to determine, in a consistent pertubative way, the Gribov–Zwanziger horizon functional,
obtained non-pertubatively in [11], by using any other gauge beyond the Landau gauge, which may be compared with
other non-pertubative approaches [39, 40] to the Gribov–Zwanziger horizon functional in various gauges.
We have revised, as compared to the study of [26, 30, 31], the problem of BRST symmetry breaking in the BV
quantization and obtained the modified Ward identity (A.12) for the generating functional of Green’s functions with
broken BRST symmetry ZM,ψ(J) without introducing a soft BRST symmetry condition for the BRST non-invariant
termM . We have also investigated gauge dependence by using the recently proposed finite field-dependent BRST–BV
transformations [27]. We have established that the non-renormalized functional ZM,ψ(J) does not depend on a choice
of the gauge determined by a Fermionic functional ψ(φ) on the extremals given by JA = 0 in (A.14), thus justifying,
in addition to [26], the consistency of introduction into a gauge theory of terms with broken BRST symmetry in the
framework of the BV quantization.
We have also introduced the concept of effective average action within functional renormalization group approach
in Yang–Mills theories as an application of the general construction of BRST-antiBRST symmetry breaking in the
Sp(2)-covariant Lagrangian quantization by specifying the broken BRST-antiBRST symmetry term. To this end, we
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have introduced a regulator action (B.7) and determined the generating functionals of Green’s functions, including
the effective average action. For these functionals, we have obtained the usual and modified (depending on the field-
dependent odd-valued parameters λa) Ward identities with BRST-antiBRST symmetry breaking terms. We have
established that the non-renormalized functionals ZF ;k(J), ZF ;k(J, φ
∗, φ¯) do not depend on a choice of the gauge
determined by the functional F (φ) on the extremals given by JA = 0 and on the hypersurface φ
∗
Aa = 0 in (B.29), thus
providing a gauge-independent S-matrix for any value of the external momentum-shell parameter, k. We have proposed
the form of the regulator action in any gauge (B.33)–(B.37) from the Fξ-family (B.31) of gauges corresponding to the
standard Rξ-gauges.
Notice that similar problems have been discussed independently in [43]. As compared to our present work, the
study of [43] deals with a calculation of the Jacobian for a change of variables given by BRST-antiBRST (BRST–BV by
the terminology of [43]) transformations with functionally-independent field-dependent odd-valued parameters λa(Γ),
subsequently used to formulate a compensation equation, similar to (3.2), but having a 2 × 2 matrix form, which
satisfies the condition of resolvability only for functionally-dependent parameters, λa = Λ(Γ|∆F )
←−
U a, whose form was
first announced in our work [1].
In conclusion, note that among the interesting problems left outside the scope of the present work, besides the
evaluation of Jacobians for arbitrary finite field-dependent BRST-antiBRST transformations, one may turn to the
study of the group properties of finite field-dependent BRST-antiBRST transformations.
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Appendix
A On BRST Symmetry Breaking in Gauge Theories
In this Appendix, we touch upon the study of BRST symmetry breaking in gauge theories, which is inspired by
our works [26, 30] within the BV quantization scheme [28], and is based on the recently proposed BRST–BV field-
dependent transformations [27]. To this end, let us remind that the generating functional of Green’s functions Zψ(J),
implying the partition function Zψ = Zψ(0), is given by [28]
Zψ(J) =
∫
dφ dφ∗dλ exp
{
i
~
[
S (φ, φ∗) +
(
φ∗A − ψ(φ)
←−
δ
δφA
)
λA + JAφ
A
]}
, (A.1)
which, in terms of a nilpotent operator
←−
U introduced in [44], can be presented in the form
Zψ(J) =
∫
dφ dφ∗dλ exp
{
(i/~)
[
S (φ, φ∗) +
(
φ∗Aφ
A − ψ(φ)
)←−
U + JAφ
A
]}
for
←−
U =
←−
δ
δφA
λA, (A.2)
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where φA, φ∗A, λ
A, ψ(φ) are the respective fields, antifields, Lagrangian multipliers,7 ε(φ∗A) = ε(λ
A) = εA + 1, and
the gauge Fermion, which introduces the gauge into the path integral. The quantum action S is subject to a master
equation in terms of the antibracket (•, •) ≡ (•, •)1 and the nilpotent Laplacian ∆ ≡ ∆1 given by (2.8) with a = 1:
1
2
(S, S) = i~∆S ⇐⇒ ∆exp
(
i
~
S
)
= 0 for S|φ∗=~=0 = S0(A) (A.3)
For vanishing external sources JA, the integrand in (A.1) or (A.2) is invariant under the finite BRST–BV transforma-
tions with a constant Fermionic parameter µ (µ2 = 0),
∆µ
(
φA, φ∗A, λ
A
)
=
(
φA
←−
U ,− (φ∗A, S) , 0
)
µ ≡
(
φA, φ∗A, λ
A
)←−s µ , (A.4)
whereas the transformation of the vacuum functional Zψ with respect to (φ
A, φ∗A, λ
A)→ (φA, φ∗A, λ
A)+∆µ(φ
A, φ∗A, λ
A),
related to finite field-dependent BRST-BV transformations [27] with an arbitrary functional µ = µ(φ, λ) is in one-to-
one correspondence with a finite change ψ → ψ + ψ′ of the gauge Fermion,
ψ′(φ, λ|µ) =
~
i
[∑
n=1
(−1)n−1
n
(
µ
←−
U
)
n−1
]
µ , (A.5)
which justifies the gauge-independence of the vacuum functional, Zψ = Zψ+ψ′ . The relation (A.5) is given by a
solution of the so-called compensation equation (implied by the condition Zψ = Zψ+ψ′) for an unknown functional ψ
′,
which can be easily obtained from the Jacobian J = Sdet
∥∥∥zp(1 +←−s µ) ←−δδzq ∥∥∥, for zp ≡ (φA, φ∗A, λA), corresponding to
the change of variables [27]
ln
(
1 + µ
←−
U
)
=
i
~
ψ′
←−
U with J =
(
1 + µ
←−
U
)−1
. (A.6)
Considering µ(φ, λ) as an unknown parameter of the field-dependent BRST–BV transformation (A.4), which realizes
Zψ = Zψ+ψ′ for a given finite change of the gauge ψ
′, a solution of (A.6) with accuracy up to
←−
U -exact terms reads
µ(φ, λ|ψ′) = −
i
~
g(y)ψ′ , for y ≡
i
~
ψ′
←−
U , (A.7)
with a function g(y) given by (3.4).
Let us now consider a BRST non-invariant Bosonic functional Mψ = Mψ(φ, φ
∗), Mψ
←−s 6= 0, with gh(Mψ) = 0,
which may, or may not, be subject to the so-called condition of soft BRST symmetry breaking [30, 31]
(Mψ,Mψ) = 0, [(Mψ,Mψ) = −2i~∆Mψ] , (A.8)
and is assumed to be such that the path integrals ZMψ,ψ(J) and ZMψ,ψ = ZMψ,ψ(J)|J=0,
ZMψ,ψ(J) =
∫
dφ dφ∗dλ exp
{
(i/~)
[
SM (φ, φ
∗) +
(
φ∗Aφ
A − ψ(φ)
)←−
U + JAφ
A
]}
, for Z0,ψ(J) = Zψ(J), (A.9)
with the action
SM = S +Mψ , so that SM=0 = S, (A.10)
be well-defined in perturbation theory. In this case, we will speak of a gauge theory with BRST symmetry breaking
and refer to ZMψ ,ψ(J) in (A.9) as the generating functional of Green’s functions with BRST symmetry breaking. It is
obvious that the integrand in (A.9) for J = 0 is not BRST invariant. However, the gauge independence of the vacuum
functional ZMψ,ψ(0) can be restored if we suppose that within the reference frame given by the gauge Fermion ψ+ψ
′
7In this Appendix, we use the standard notation [28] for Lagrangian multipliers, which differs from the auxiliary fields λA of the opposite
Grassmann parity in the basic part of the work.
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the BRST symmetry breaking term should have a BRST transformed representation, with µ(ψ′) = µ(φ, λ|ψ′) being a
solution (A.7) of the compensation equation (A.6), namely,
Mψ+ψ′ =Mψ +∆µ(ψ′)Mψ . (A.11)
Indeed, a modified Ward identity for ZMψ,ψ(J) is easily obtained by making in (A.9) a field-dependent BRST trans-
formation (A.4) and using the relations (A.7) and the expression (A.6) for the Jacobian:〈{
1 +
i
~
[
JAφ
A +Mψ
]←−
U µ(ψ′)
}(
1 + µ(ψ′)
←−
U
)
−1
〉
M,ψ,J
= 1 , (A.12)
where the symbol “〈O〉M,ψ,J” for a quantity O stands for a source-dependent average expectation value with respect
to ZM,ψ(J), corresponding to the gauge-fixing ψ. Notice that (A.12) differs from the Ward identity for a gauge theory
without BRST symmetry breaking and takes the form, with a constant µ,〈[
JAφ
A +Mψ
]←−
U
〉
M,ψ,J
= 0 , (A.13)
which is identical, after introducing external antifields φ∗A, to the Ward identity for ZMψ ,ψ(J, φ
∗) in [26, 30].
The Ward identity (A.12), with allowance made for (A.7) and (A.11), implies an equation which describes the
gauge dependence of ZM,ψ(J) for a finite change of the gauge ψ → ψ + ψ
′, namely,
ZMψ+ψ′ ,ψ+ψ′(J) − ZM,ψ(J) = ZM,ψ(J)
〈
i
~
JAφ
A←−U µ (φ, λ| − ψ′)
〉
M,ψ,J
. (A.14)
As in the case of BRST-antiBRST symmetry (3.12), the relation (A.14) allows one to state, due to the standard
arguments of the equivalence theorem [41], that upon the shell determined by JA = 0 a finite change of the generating
functional of Green’s functions with a broken BRST symmetry term does not depend on a choice of the gauge condition
with respect to a finite change of the gauge (ψ → ψ + ψ′). Note, first of all, that this result is in complete agreement
with the result of [26] when the total configuration space is determined only by the fields φA without introducing
the internal antifields φ∗A and Lagrangian multipliers λ
A. Second, the same statement can be made for the physical
S-matrix. We hope that in the case of a renormalized theory the above property is preserved by a renormalized
functional ZM,ψ;R(J) and intend to study this problem in a forthcoming work.
B Effective Average Action in Yang–Mills theories
Here, we apply the concept of BRST-antiBRST symmetry breaking to the effective average action in Yang–Mills
theories within the functional renormalization group approach (for a review and references, see [37]) to the BRST-
antiBRST Lagrangian quantization of Yang–Mills theories.
In this case, the generating functional (2.6), with S being a solution of (2.7), is reduced by integration over
(φ∗a, φ¯, pi
a, λ) to ZF (J) in (3.13), with the BRST-antiBRST quantum action SF (φ) in (3.14) invariant under the finite
BRST-antiBRST transformations φA → φA + ∆λφ
A in (3.17). We consider the generating functional of Green’s
functions extended by external antifields φ˜∗a,
˜¯φ and written without the tilde symbol as ZF (J, φ˜∗, ˜¯φ) = ZF (J, φ∗, φ¯),
ZF (J, φ
∗, φ¯) =
∫
dφ exp
{
i
~
[
SF (φ, φ
∗, φ¯) + JAφ
A
]}
, with SF = SF + φ
∗
Aas
aφA −
1
2
φ¯As
2φA , (B.1)
for ZF (J, 0, 0) = ZF (J). The generating functional of vertex Green’s functions (effective action) ΓF (φ, φ
∗, φ¯) is
determined in the BRST-antiBRST quantization [4, 5] by a Legendre transformation of (~/i) lnZF (J, φ
∗, φ¯) with
respect to the sources JA:
ΓF (φ, φ
∗, φ¯) =
~
i
lnZF (J, φ
∗, φ¯)− JAφ
A , φA =
~δ
iδJA
lnZF (J, φ
∗, φ¯) , (B.2)
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with JA expressed in terms of the average fields φ
A from J = −δΓF /δφ. Note that the non-renormalized quantitiy
ΓF = ΓF (φ, φ
∗, φ¯) satisfies the usual Ward identities in terms of the extended antibracket:
1
2
(
ΓF ,ΓF
)a
+ V aΓF = 0 , (B.3)
rewritten, by means of (B.2), from the Ward identities for ZF (J, φ
∗, φ¯):
(
JAδ/δφ
∗
A − V
a
)
ZF (J, φ
∗, φ¯) = 0. For the
vanishing φ∗a, φ¯, we also obtain the usual effective action for the Yang–Mills theory in the BRST-antiBRST formalism:
ΓF (φ, 0, 0) = ΓF (φ). The actions ΓF (φ, φ
∗, φ¯) and ΓF (φ) are invariant under the respective finite BRST-antiBRST
transformations of the average fields :
∆λ
(
φA, φ∗Aa, φ¯A
)
=
(
φA
[
exp
(←−s aλa)− 1] , 0, (−1)εAφ¯A←−V aλa) for ( •←−s a) = ( •,ΓF (φ, φ∗, φ¯))a (B.4)
and φA → φˇA = (1 +∆λ)φ
A
∣∣
φ∗=φ¯=0 ⇐⇒ φ
A → φˇA = φA exp
(←−s aλa)∣∣φ∗=φ¯=0. (B.5)
The finite BRST-antiBRST transformations (B.4), (B.5) are nothing else than the Lie group transformations of a
field configuration φA, as compared to the usual infinitesimal BRST-antiBRST transformations determined by the
basic element ←−s aλa of the Lie algebra. The finite (group) transformations (B.4), albeit with the initial (not average)
fields φA respect the invariance of the integrand in ZF (J, φ
∗, φ¯) for J = 0 in (B.1), with account taken of the identity
sasb = (1/2) εabs2, for a, b = 1, 2.
We now extend the functional renormalization group (FRG) construction, earlier applied only in the Lagrangian
BRST quantization, to the case of BRST-antiBRST quantization. In doing so, we introduce, instead of ΓF , the
so-called average effective action ΓF ;k with an external momentum-shell parameter, k, smoothly related to ΓF ,
lim
k→0
ΓF ;k(φ, φ
∗, φ¯) = ΓF (φ, φ
∗, φ¯), (B.6)
in such a way that the action SF (φ, φ
∗, φ¯) [for the vanishing antifields, being the action SF (φ)] in Yang–Mills theories
should be extended by BRST-antiBRST symmetry breaking terms, MF (φ), having the form of a regulator action,
Sk = SF ;k, being quadratic in the fields A
i = Amµ(x) and the Sp(2)-doublet of ghost-antighost fields Cαa = Cma(x)
for M(φ) = Sk(φ),
SF ;k(φ) =
1
2
AiAj(RF ;k)ij +
1
2
εab(RF ;k,gh)αβC
βbCαa(−1)εα
=
∫
dDx
{1
2
Amµ(x)(RF ;k)
mn
µν (x)A
νn(x) +
1
2
εabC
ma(x)(RF ;k,gh)
mn(x)Cnb(x)
}
, (B.7)
with the Lorentz indices µ, ν = 0, 1, ..., D − 1 of the Minkowsky space R1,D−1, the metric ηµν = diag(+,−, . . . ,−),
and the indices m,n, l = 1, . . . , N2 − 1 of the Lie algebra su(N); see also (3.23), (3.24) in Section 3.2. In (B.7),
we have specified the condensed notations, so that the regulator quantities (RF ;k), (RF :k,gh) in the reference frame
with a gauge Boson F have no dependence on the fields, as well as satisfy the properties (RF ;k)ij = (−1)
εiεj (RF ;k)ji,
(RF ;k,gh)αβ = (−1)
εαεβ (RF ;k,gh)βα and vanish as the parameter k tends to zero.
By definition, the regulator action SF ;k is not BRST-antiBRST invariant:
SF ;k
←−s a =
∫
dDx
{
Amµ(RF ;k)
mn
µν D
νnlCla + εbc(RF ;k,gh)
mnCmb
(
εcaBn −
1
2
fnolClcCoa
)}
6= 0, (B.8)
1
4
SF ;k
←−s 2 =
1
4
∫
dDx
{
−Amµ(RF ;k)
mn
µν
(
2DνnlBl + fnloCoaDνlpCpbεba
)
+ εabD
µmoCoa(RF ;k)
mn
µν D
νnlClb
−2εabC
ma(RF ;k,gh)
mnfnlo
(
BoClb +
1
6
forsCscCrbCldεdc
)
− εabεcd
(
εacBm +
1
2
fmloCocCla
)
(RF ;k,gh)
mn
×
(
εbdBn +
1
2
fnprCrdCpb
)}
, (B.9)
=⇒ ∆λSF ;k = SF ;k
[
exp
(←−s aλa)− 1] , (B.10)
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where in deriving (B.8), (B.9) we have used the readily established Leibnitz-like properties of the generators of BRST-
antiBRST transformations, sa and s2, acting on the product of any functionals A, B with definite Grassmann parities:
(AB)←−s a = (A←−s a)B (−1)
εB +A (B←−s a) , (AB)←−s 2 =
(
A←−s 2
)
B − 2 (A←−s a) (B
←−s a) (−1)
εB +A
(
B←−s 2
)
. (B.11)
We define extended generating functionals ZF ;k(J) of Green’s functions coinciding for k → 0 with the respective
ZF (J, φ
∗, φ¯) and ZF (J) in (B.1), according to (4.1),
ZF ;k(J, φ
∗, φ¯) =
∫
dφ exp
{
i
~
[
SF (φ, φ
∗, φ¯) + SF ;k + JAφ
A
]}
. (B.12)
Before taking the limit k → 0, the integrand in (B.12) for J = 0 is not BRST-antiBRST invariant due to (B.8)–(B.10),
whereas in the limit k → 0 the functionals ZF ;k take values coinciding with the usual generating functionals ZF . The
average effective action ΓF ;k = ΓF ;k(φ, φ
∗, φ¯), being the generating functional of vertex functions in the presence of
regulators, is introduced according to the rule described by (B.2), namely,
ΓF ;k(φ, φ
∗, φ¯) =
~
i
lnZF ;k(J, φ
∗, φ¯)− JAφ
A , φA =
~δ
iδJA
lnZF ;k(J, φ
∗, φ¯) , (B.13)
with the obvious consequences J = −δΓF ;k/δφ, for the Legendre transformation (B.13).
The average effective action satisfies the functional integro-differential equation
exp
{ i
~
ΓF ;k(φ, φ
∗, φ¯)
}
=
∫
dϕ exp
{ i
~
[
SF (φ+ ~
1
2ϕ, φ∗, φ¯) + SF ;k(φ+ ~
1
2ϕ) −
δΓF ;k(φ, φ
∗, φ¯)
δφ
~
1
2ϕ
]}
, (B.14)
determining the loop expansion ΓF ;k =
∑
n≥0 ~
nΓnF ;k. Thus, the tree-level (zero-loop) and one-loop approximations
of (B.14) correspond to
Γ0F ;k(φ, φ
∗, φ¯) = SF0(φ, φ
∗, φ¯) + S0F ;k(φ) , (B.15)
Γ1F ;k(φ, φ
∗, φ¯) = SF1(φ, φ
∗, φ¯) + S1F ;k(φ) −
i
2
ln Sdet
∥∥∥(SF0 + S0F ;k)′′AB(φ, φ∗, φ¯)∥∥∥ . (B.16)
For the vanishing antifields φ∗a, φ¯, (B.14)–(B.16) imply the equation, as well as the zero- and one-loop approximations,
for the usual average effective action ΓF ;k(φ) = ΓF ;k(φ, φ
∗, φ¯)|φ∗=φ¯=0 in the BRST-antiBRST quantization.
Concerning the regulator functions, we suppose that they model the non-perturbative contributions to the self-
energy part of Feynman diagrams, so that the dependence on the parameter k enables one to extract some additional
information about the scale dependence of the theory beyond the loop expansion [36].
The modified Ward identity, or the Slavnov–Taylor identities, for the functionals ZF ;k(J) and ΓF ;k(φ) are readily
obtained from the general result (4.3) and have the form, for ZF ;k(J),〈{
1 +
i
~
[
JAφ
A + SF ;k
] [←−s aλa(Λ) + 1
4
←−s 2λ2(Λ)
]
−
1
4
(
i
~
)
2
[
JAφ
A + SF ;k
]←−s a [JBφB + SF ;k]←−s aλ2(Λ)}
×
(
1−
1
2
Λ←−s 2
)
−2
〉
F ;k,J
= 1 , (B.17)
with the source-dependent average expectation value corresponding to the gauge-fixing F (φ) with respect to ZF ;k(J):
〈O〉F ;k,J = Z
−1
F ;k(J)
∫
dφ O (φ) exp
{
i
~
[
SF (φ) + SF ;k + JAφ
A
]}
, for 〈1〉F ;k,J = 1 . (B.18)
In (B.17), we have taken account of the fact that if in some reference frame with a gauge Boson F (φ) the regulator
action has the form SF ;k then in a different reference frame determined by a gauge Boson (F +∆F )(φ) it should be
calculated in accordance with (4.4) and (B.8)–(B.10) as follows:
SF+∆F ;k = (1 +∆λ(∆F ))SF ;k = SF ;k exp
(←−s aλa(∆F )) . (B.19)
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For constant λa, the identity (B.17) decomposes in powers of λa and assumes the form of two independent and one
dependent (at λ2) identities identical to (4.6), (4.7), where the substitution (MF ,
←−
U a, 〈...〉M,F,J)→ (SF ;k,
←−s a, 〈...〉F ;k,J )
has to be made.
For the average effective action ΓF ;k(φ), the modified Ward identity (B.17) takes the form〈〈{
1 +
i
~
[
−
δΓF ;k
δφA
φA + SF ;k
] [
←−s aλa(Λ) +
1
4
←−s 2λ2(Λ)
]
−
1
4
(
i
~
)
2
[
−
δΓF ;k
δφA
φA + SF ;k
]
←−s a
×
[
−
δΓF ;k
δφB
φB + SF ;k
]
←−s aλ
2(Λ)
}(
1−
1
2
Λ(φ)←−s 2
)
−2
〉〉
F ;k,φ
= 1 , (B.20)
where the operators ←−s a, ←−s 2 do not act on δΓF ;k/δφ, and 〈〈...〉〉F ;k,φ denotes the average expectation value corre-
sponding to a gauge-fixing F (φ) with respect to ΓF ;k(φ).
Repeating the arguments of Section 4 and using the results for the Yang–Mills theory in the gauge dependence
problem (3.22) of Section 3.2, we obtain a relation which describes the gauge dependence of ZF ;k(J) for a finite change
of the gauge F → F + ∆F , with account taken of (3.5) and (B.19). Specified below in (B.22) for the Yang–Mills
theory [1], the equality (B.17) implies a relation which describes the gauge dependence of ZF ;k(J) with a finite change
of the gauge F → F +∆F :
ZF+∆F ;k(J)−ZF ;k(J) = ZF ;k(J)
〈
i
~
JAφ
A
[
←−s aλa (φ| −∆F ) +
1
4
←−s 2λ2 (φ| −∆F )
]
− (−1)εB
(
i
2~
)2
JBJA
(
φA←−s a
) (
φB←−s a
)
λ2 (φ| −∆F )
〉
F ;k,J
, (B.21)
where
λa (φ| −∆F ) = −
1
2i~
[∆F←−s a]
∞∑
n=0
(−1)n
(n+ 1)!
(
1
4i~
∆F←−s 2
)n
. (B.22)
From (B.21) it follows that upon the shell determined by JA = 0 a finite change of the generating functional of
Green’s functions with a BRST-antiBRST-non-invariant regulator action Sk does not depend on a choice of the gauge
condition with respect to a finite change of the gauge, F → F + ∆F , for any value of the external momentum-shell
parameter k.
For the extended generating functional ZF ;k(J, φ
∗, φ¯), the finite (group) BRST-antiBRST transformations φA →
φˇA = φA exp
(←−s aλa) in (B.4) within the sector of fields φA for an arbitrary functional λa(φ) = Λ(φ)←−s a result in the
modified Ward identity{[
JA + ŜF ;kA
] [ δ
δφ∗Aa
λ̂a(Λ)−
1
2
δ
δφ¯A
λ̂2(Λ)
]
− V aλ̂a(Λ)−
εab
4
{[[
JA + ŜF ;kA
] δ
δφ∗Aa
− V a
]
(B.23)
×
[[
JB + ŜF ;kB
] δ
δφ∗Bb
− V b
]
λ̂2(Λ)
}(
1−
εab
2
Λ̂,BA
~ δ
iδφ∗Ab
~ δ
iδφ∗Ba
(−1)εA+1 + Λ̂,A
~ δ
iδφ¯A
)
−2ZF ;k,J = 0 ,
where the notation for ŜF ;kA, λ̂a, Λ̂,A, Λ̂,BA is given by
ŜF ;k,A =
δSF ;k(φ)
δφA
∣∣
φ→ ~
i
δ
δJ
, λ̂a = λa(φ)
∣∣
φ→ ~
i
δ
δJ
, Λ̂,BA=
δ2Λ(φ)
δφBδφA
∣∣
φ→ ~
i
δ
δJ
. (B.24)
For constant λa, the identity (B.23) decomposes in powers of λa and takes the form of two independent (at λa) Ward
identities:
q̂aZF ;k,J = 0 for q̂
a =
[
JA + ŜF ;kA
] δ
δφ∗Aa
− V a, (B.25)
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with anticommuting q̂a: q̂aq̂b + q̂bq̂a = 0, whereas at λ2 the corresponding Ward identity is implied automatically by
(B.25), due to
εab
4
q̂aq̂b = −
1
2
[
JA + ŜF ;kA
] δ
δφ¯A
. (B.26)
For the extended average effective action ΓF ;k(φ, φ
∗, φ¯) in (B.13), the modified Ward identity depending on the odd-
valued functionally-dependent functionals λa = Λ
←−s a can be derived from (B.23) in a way similar to the trick in
[30, 26] within the BRST Lagrangian quantization; however, in view of a non-linear character of the identity (B.23) it
is cumbersome and deserves a special analysis. The identities (B.25) for ΓF ;k(φ, φ
∗, φ¯) are readily obtained,
1
2
(
ΓF ;k,ΓF ;k
)a
+ V aΓF ;k − SF ;kA(φ̂)
δ
δφ∗Aa
ΓF ;k = 0 , (B.27)
and coincide in the limit k → 0 with (B.3) for the usual effective action ΓF (φ, φ
∗, φ¯). Here, the quantities SF ;kA(φ̂)
for the operator-valued fields φ̂A are given by
SF ;k,A(φ̂) =
δSF ;k(φ)
δφA
∣∣
φ→φ̂
, with φ̂A = φA + i~ (Γ
′′−1
F ;k )
AB δl
δφB
, for (Γ
′′−1
F ;k )
AC(Γ
′′
F ;k)CB = δ
A
B, (B.28)
and (Γ
′′
F ;k)AB =
δl
δφA
δ
δφB
ΓF ;k.
Finally, a relation which describes the gauge dependence of the extended functional ZF ;k(J, φ
∗, φ¯) for a finite
change of the gauge F → F +∆F with λa (φ| −∆F ) (B.22) follows from (B.23) with account taken of (B.24):
ZF+∆F ;k(J, φ
∗, φ¯)−ZF ;k(Jφ
∗, φ¯) =
{
JA
[
δ
δφ∗Aa
λ̂a (−∆F )−
1
2
δ
δφ¯A
λ̂2 (−∆F )
]
− V aλ̂a (−∆F )
−
εab
4
[
JA
δ
δφ∗Aa
− V a
] [
JB
δ
δφ∗Bb
− V b
]
λ̂2 (−∆F )
}
ZF ;k(J, φ
∗, φ¯). (B.29)
From (B.29) it follows that upon the shell determined by JA = 0 on the hypersurface φ
∗
Aa = 0 a finite change of
the extended generating functional with a BRST-antiBRST not-invariant regulator action Sk does not depend on a
choice of the gauge condition with respect to a finite change of the gauge, F → F +∆F , for any value of the external
momentum-shell parameter k.
The consistency of the FRG method, based on the introduction of (B.8), means that the values ΓF ;k, ΓF+∆F ;k of
the effective average actions calculated in two different gauges determined by χa and χa+∆χa (see [1, 4] for details),
corresponding to the gauge functionals F and F +∆F , should coincide with each other on the mass shell of vanishing
antifields φ∗Aa for any value of the parameter k, i.e., along the FRG trajectory, but not only at its boundary points.
For completeness, the form of the FRG flow equation for ΓF ;k that describes the FRG trajectory (formally identical
with the one in [35]), with allowance for the notation ∂t = k
d
dk
, reads
∂tΓF ;k = ∂tSF ;k −
~
i
{1
2
∂t(RF ;k)
mn
µν
(
Γ
′′−1
F ;k
)(mµ)(nν)
+ ∂t(RF ;k,gh)
mn
(
Γ
′′−1
F ;k
)mn}
(B.30)
and has the same form for the φ∗Aa- and φ¯A-independent part of ΓF ;k, due to the parametric dependence on φ
∗
Aa, φ¯A
for all the terms in (B.30).
Let us consider a specific choice of the initial Bosonic gauge functional F = Fξ from the Fξ-family of gauge-fixing
functionals Fξ = Fξ (A,C), corresponding to the Rξ-like gauge introduced [1] in the BRST-antiBRST Lagrangian
quantization
Fξ =
1
2
∫
dDx
(
−Amµ A
mµ +
ξ
2
εabC
maCmb
)
, (B.31)
F0 = −
1
2
∫
dDx Amµ A
mµ and F1 =
1
2
∫
dDx
(
−Amµ A
mµ +
1
2
εabC
maCmb
)
, (B.32)
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where the gauge-fixing functional F(0) (A) induces the contribution SF0;k to the quantum action that arises in the case of
the Landau gauge χ(A) = ∂µAmµ = 0, whereas the functional F1 (A,C) corresponds to the Feynman (covariant) gauge
χ(A,B) = ∂µAmµ + (1/2)B
m = 0. The parameters λa(φ|∆F (ξ)) = saΛ of a finite field-dependent BRST-antiBRST
transformation that connects an Rξ gauge with an Rξ+∆ξ gauge, according to (B.22), have the form
λa(φ|∆Fξ) =
∆ξ
4i~
εab
∫
dDx BnCnb
∞∑
n=0
1
(n+ 1)!
[
∆ξ
4i~
∫
dDy
(
BuBu −
1
24
fuwtf trsCscCrpCwdCuqεcdεpq
)]n
,(B.33)
where allowance has been made for ∆F = ∆Fξ,
∆Fξ = Fξ+∆ξ − Fξ =
∆ξ
4
εab
∫
dDx CmaCmb, (B.34)
as well as for ∆Fξ
←−s a and ∆Fξ
←−s 2,
∆Fξ
←−s a =
∆ξ
2
εbc
∫
dDx εcaBmCmb , (B.35)
∆Fξ
←−s 2 = 2
∫
dDx
{[(
∂µAmµ
)
+
ξ
2
Bm
]
Bm +
1
2
(∂µCma)Dmnµ C
nbεab −
ξ
48
fmnlf lrsCsaCrcCnbCmdεabεcd
}
.(B.36)
Now, with account taken of the representation (B.19) for the regulator action SFξ;k in the Rξ+∆ξ-gauge, one can
find its form in a manner respecting the gauge-independence problem described by (B.21), (B.29) once SFξ+∆Fξ;k is
explicitly calculated by the rule
SFξ+∆Fξ;k = SFξ;k exp
[←−s aλa(∆Fξ)] , (B.37)
with allowance for (B.8)–(B.10).
The result given by (B.21) and (B.29) implies a statement consistent with [26] (as well as a different statement in
comparison with [35] for BRST symmetry), i.e., on the gauge-dependence of the average effective action, and therefore
also on the consistency of its introduction in Lagrangian quantization for any value of the parameter k. Indeed, the
explicit gauge dependence of the vacuum functional Zk,χ and of the average effective action Γk on their extremals in
[35] was shown respectively by Eqs. (4.12) and (5.9) therein. At the same time, the gauge independence of the average
effective action in [35] was achieved on the mass-shell determined in a larger space of fields (see Eqs. (6.31), (6.32)
therein) with the subsidiary conditions L = 0, by consideration of the regulators Sk as composite fields (Sk → LSk),
however, without taking into account the change of the regulators Sk under the change of the gauge condition in Eqs.
(6.22), (6.27), (6.30), (6.31). In this respect, note that the consideration of the regulators as composite fields, following
the approach [38] (see the remarks at the end of Sect. 4), allows one to provide the gauge independence of Γk on the
mass shell given by the usual average fields φA alone.
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